Summary. Delsarte's method and its extensions allow to consider the upper bound problem for codes in 2-point-homogeneous spaces as a linear programming problem with perhaps infinitely many variables. In this paper two extensions of Delsarte's method via semidefinite programming are considered. The first approach shows that using as variables power sums of distances this problem can be considered as a finite semidefinite programming problem. This method allows to improve some upper bounds. The second approach extends the Bachoc -Vallentin method for spherical codes. In particular, an extension of Schoenberg's theorem for multivariate Gegenbauer polynomials has been proved.
Introduction
The Delsarte linear programming method (Delsarte's method for short) is widely used for finding bounds for error-correcting codes, constant weight codes, spherical codes, sphere packings and other packing problems in 2-point-homogeneous spaces (see [3] [4] [5] [6] [7] and many others).
With any compact 2-point-homogeneous space M are associated the zonal spherical functions Φ k (t), k = 0, 1, 2, . . . , and the distance function τ (x, y), where x, y ∈ M .
For all continuous compact M and for all currently known finite cases:
where ρ(x, y) is the angular distance between x and y, then the corresponding zonal spherical function Φ k (t) is the Gegenbauer (or ultraspherical) polynomial G (n) k (t). The main property for zonal spherical functions is called "positive-definite degenerate kernels" or p.d.k [4, 5] . (We think that for p.d.k. be better to use the term: "positive-semidefinite".) This property first was discovered by Bochner (general spaces) and independently for spherical spaces by Schoenberg: Let M be a 2-point-homogeneous space. Then for any integer k ≥ 0 and for any finite
For any positive semidefinite matrix the sum of its entries is nonnegative. Then for any finite C ⊂ M we have
This inequality play a crucial role for the linear programming bounds. Actually, (1) can be considered as a linear inequality for the distance distribution (see for details [4, Ch. 9] . That make it possible to regard the problem of bounding codes as a linear programming problem.
SDP bounds for codes
The Linear Programming (LP) is a special case of the Semidefinite Programming (SDP) which deals with optimization problems over symmetric positive semidefinite matrix variables with linear cost function and linear constraints.
In the paper [8] we define semidefinite programs whose optimal solutions give upper bounds for codes in a 2-point-homogenous space and strengthen the LP bounds. Our approach is based on two ideas: to consider power sums of distances instead of the distance distribution, and to use the p.d.k. property of zonal spherical functions. In fact, for a continuous M the LP problems are not finite linear programming problems. These problems can be solved only via discretization. On the other hand, the SDP 0 is a regular (finite) primal SDP problem. As by-product of solutions of this problem we have bounds on |C| and power sums s k . That gives an interesting possibility of SDP 0 's application for constructions of optimal codes.
[8, Sec. 5] shows how some recent extensions of Delsarte's method (e.g. [6] ) can be reformulated as SDP problems.
The constraints (1) in the SDP 0 problem are linear. For a linear programming problem we have to have only linear inequalities, but for an SDP problem it is not necessarily. This method allows positive semidefinite constraints. Note that (1) is a simple consequence of the p.d.k property. In [8, Sec. 6] we explain how using this property to obtain upper bounds on codes and to improve the SDP 0 bounds. In particular, we obtain some bounds for one-sided kissing numbers which are improved bounds in [3] .
Multivariate positive definite functions on spheres
Recently, Schrijver [10] using SDP improved some upper bounds on binary codes. Even more recently, Schrijver's method has been adapted for spherical codes (Bachoc and Vallentin [1] ). In fact, this method using the stabilizer subgroup of the isometry group derives new positive semidefinite constraints which are stronger than linear inequalities in the Delsarte linear programming method. We consider and extend this method for spherical codes in [9] .
Let M be a metric space with a distance function τ. A real continuous function f (t) is said to be positive definite (p. 
Denote this class by PD(M, Q). If Q = ∅, then PD(M, Q) is the class of p.d. functions in M . In this case an answer is given by the Bochner -Schoenberg theorem. Namely, for M = S n−1 Schoenberg in 1942 proved that:
for m > 0, and u = v = 0 for m = 0. Then the following polynomial in 2m + 1 variables of degree k in t is well defined:
. . , e m be an orthonormal basis of the linear space with the basis q 1 , . . . , q m , and let L Q denotes the linear transformation of coordinates. One of the main results in [9] is: F ∈ PD(S n−1 , Q) if and only if
This fact make it possible to regard the problem of bounding spherical codes as an SDP problem. In [1, 2] using numerical solutions of the SDP problem for the case m = 1 have been obtained new upper bounds for the kissing numbers and for the one-sided kissing numbers in several dimensions n ≤ 10.
However, the dimension of the corresponding SDP problem growth so fast whenever d (degree of a polynomial F) and m are increasing that this problem can be treated numerically only for relatively small d and small m. It is an interesting problem to find optimal sets Q and explicit optimal polynomials F .
